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Abstract: Dyadic data which is also called co-occurrence data (COD) contains co-
occurrences of objects where these objects are indexed and grouped into two finite sets. It
is necessary to model dyadic data by applied mathematical tools because dyadic data
analysis is interesting and important to many applications relating to indexed two-
dimensional data such as image processing and recommendation collaborative filtering.
Fortunately, finite mixture model is a solid statistical model to learn and make inference on
dyadic data because mixture model is built smoothly and reliably by expectation
maximization (EM) algorithm which is suitable to inherent spareness of dyadic data. This
research summarizes mixture models for dyadic data, in which there are three well-known
models such as symmetric mixture model (SMM), asymmetric mixture model (AMM), and
product-space mixture model (PMM) which are described by beautiful mathematical proofs
and explanations derived from EM algorithm. Objects in traditional dyadic data are indexed
as categories and so their potential real values are concerned because of potential
applications and extensions of dyadic data analysis. For instance, when each co-occurrence
in dyadic data is associated with a real value, there are many unaccomplished values because
a lot of co-occurrences are inexistent. In the research, these unaccomplished values are
estimated as mean (expectation) of random variable given partial probabilistic distributions
inside dyadic mixture model. This estimation result is solid due to support of EM algorithm.

Keywords: dyadic data, co-occurrence data, expectation maximization (EM) algorithm,
mixture model.

Introduction

Suppose data has two parts such as hidden part X and observed part Y and we only know Y. A
relationship between random variable X and random variable Y is specified by the joint probabilistic
density function (PDF) denoted f(X, Y | ®) where O is parameter. Given sample Y = {Y1, Y2,..., Yn}
whose all Y; (s) are mutually independent and identically distributed (iid), it is required to estimate ®
based on Y whereas X is unknown. Expectation maximization (EM) algorithm is applied to solve this
problem when only Y is observed. EM has many iterations and each iteration has two steps such as
expectation step (E-step) and maximization step (M-step). At some t" iteration, given current parameter

@0, the two steps are described as follows:
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Table 1.1: E-step and M-step of EM algorithm.

E-step:

The expectation Q(® | ®Y) is determined based on current parameter ®, according to equation 1.1
(Nguyen, 2020, p. 50).

N
0(ee®) = fo(xm, 0®)log(f (X, ¥;|0))dX (1.1)

i=1x

M-step:

The next parameter @Y is a maximizer of Q(® | ®) with subject to ®. Note that @™ will become
current parameter at the next iteration (the (t+1)" iteration).

EM algorithm will converge after some iterations, at that time we have the estimate ®® = @) = @”,
Note, the estimate @" is result of EM. The EM algorithm shown in Table 1.1 is also called general EM
or GEM.

Especially, the random variable X represents latent class or latent component of random variable .
Suppose X is discrete and ranges in {1, 2,..., K}. As a convention, let k=X. Note, because all Y; (s) are
iid, let random variable Y represent every Yi. The so-called probabilistic finite mixture model is
represented by the PDF of Y, as follows:

K

FV10) = ) afelY10:) (12)

k=1

Where,

0= (al, a,, ..., Ay, 91, 92, vy HK)T

K
Zak=1

k=1

Note, the superscript “T” denotes transpose operator for vector and matrix. The Q(® | ®Y) is re-defined
for finite mixture model as follows (Nguyen, 2020, p. 79):

o(elo®) -

N K
> P(k[%, 0©)log(a i (4i161)) (13)
=1

i=1k=1

Where,
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O (15"

P(k|y;, 08®) =
l K ah (7o)

(1.4)

An interesting application of finite mixture model is soft clustering. Traditional clustering methods
assign a fixed cluster to every data point in sample, which means that every data point belongs exactly
to one cluster. Soft clustering is more flexible when every data point belongs to more than one cluster
and the degree of assignment is represented by a probability. It is easy to recognize that when mixture
model is applied into soft clustering, latent class k represents a cluster.

Every observation in ordinary sample is univariate or multivariate but there is a case that ordinary
sample becomes dyadic sample related to two sets of objects, which causes some modifications of
mixture model. Dyadic data which is also called co-occurrence data (COD) contains co-occurrent
events of objects. It is necessary to obtain statistical models to represent dyadic data and fortunately,
finite mixture model is the one. Recall that EM is applied to learn mixture model. The next section
focuses on mixture model for dyadic data.

Mixture models for dyadic data

Given two finite sets X = {xi, Xo,..., Xn) and Y = {y1, Y2,..., ym) With note that x; (s) and y; (s) represent
X -objects and Y-objects, respectively; exactly, they are names of objects. The numbers of X -objects
and Y-objects are |X|=N and |Y|=M, respectively. For example, in information retrieval, x; (s) are
documents and y; (s) are keywords. Hence, xi and y; are not evaluated as numbers. An observational
pair (i, y;) € X x Y is called a co-occurrence of x; and y;. Dyadic data or COD § contains these co-
occurrences with note that a co-occurrence (x;, y;) can exist more than one time. So, each co-occurrence
(xi, yj) is indexed by an index r. As a result, each co-occurrence is denoted by the triple (xi, yj, r) and we
have (Hofmann & Puzicha, 1998, p. 1):

S={(xpypr)1<r<|Sl} (2.1)

Where,

X, €EX = {xl,xz, ...,x|x|}
¥ €Y = {y1y2 vy}

Of course, the size of § is |S|. As a convention, xi(r) and y;(r) indicate that X-object and Y-object at
the r'" co-occurrence are x; and yj, respectively. Thus, the triplet (x;, y;, r) can be denoted as (xi(r), yj(r),
r). For example, suppose X = {xi1, X2, X3) and Y = {y1, ¥2), and dyadic data of 4 co-occurrences, § =
{(x1, y1, 1), (X1, Y1, 2), (X1, Y2, 3), (X1, Y1, 4)}, we observe that x; and y; occur together three times at r=1,
r=2, and r=4 where as x1 and y, occur together one time at r=3. In the first co-occurrence (x4, y1, 1), the
notation x1(1) indicate that the X -object at this co-occurrence is xi1. In the third co-occurrence (X1, Yo,
3), the notation y»(3) indicate that the Y-object at this co-occurrence is y-.
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If each co-occurrence of x; and y; is associated with a value z (Hofmann, Puzicha, & Jordan, Learning
from Dyadic Data, 1998, p. 1), the triple (x;, y;, r) becomes the quadruplet (xi, y;, z, r) which is called
valued co-occurrence of x; and y;. The value z is called associative value or co-occurrent value. If z is
value of a variable Z then, Z is called associative variable or co-occurrent variable. As a result, the
sample § is called valued dyadic data or valued COD. Note, Z can be univariate or multivariate
(vector).

S={(xiy,Zr)1<r<|s|} (2.2)

Where,

X, €EX = {xl,xz, ...,xm}
Vi €Y ={yLy2 -, ¥y}

As a convention, Z(r) or z(r) indicates that the associative value at r'" co-occurrence is Z=z. Thus, the
quadruplet (xi, yj, Z, r) can be denoted as (xi(r), yj(r), Z(r), r). For example, suppose X = {X1, X2, X3) and
Y = {y1, y2), and dyadic sample of 4 co-occurrences, § = {(X1, Y1, 6, 1), (X1, Y1, 8, 2), (X1, Y2, 7, 3), (X,
y1, 9, 4)}, we observe that x; and y: occur together three times at r=1, r=2, and r=4 where as x1 and y»
occur together one time at r=3. Moreover, at r=1, r=2, r=3, and r=4, associative values are Z(1)=6,
Z(2)=7, Z(3)=8, and Z(4)=9, respectively. Valued dyadic data is special case of dyadic data. As a
convention, dyadic data is default if there is no additional information.

Given fixed x, let Sy, be the X -partitioned subset of § which contains co-occurrences whose X -
objects are fixed at x« (Hofmann & Puzicha, Statistical Models for Co-occurrence Data, 1998, p. 1).

Note, Sy, can be empty. The size of S, is |Sy,|.

Sy, = {(xi, Vi Z, r):xl- = xk} (2.3)

Dyadic data § is partitioned into |X| subsets S, .

1|

S = st
k=1
Vi Sy NSy =0

k

Given fixed yi, let §,, be the Y-partitioned subset of § which contains co-occurrences whose Y-objects
are fixed at yi. Note, S, can be empty. The size of S, is |S,,|.

Sy, = {(x0yp2,7):y; = w} (2.4)

Dyadic data § is partitioned into || subsets S, .
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1Yl

s=|Js
=1

Vi#j,Sy, NS, =0

Given fixed x« and fixed y, let Sy, ,, be the subset of the § which contains co-occurrences whose X-

objects and Y-objects are fixed at x, and y. Note, Sy, ,, can be empty. The size of Sy, ,, is |5xkyz|-

Sxiyi = {(xi'yj'z'r):xi =Xk Yj = 3’1} (2.5)

Let n(x;) and n(y;) denote the number of x; and the number of y;, respectively.

n(xi) = |le| (2 6)
n(yj) = |5y]'| .
Let n(xi, y;) denote the number of co-occurrences (xi, Yj).
n(x;,y;) = |5xiy,-| (2.7)

Let n(xily;) and n(y;[xi) denote the frequency of x; given y; and the frequency of y; given x;, respectively.

n(x, ;)
n(xily;) =
: ?(yf)) (2.8)
n\x;yj
n(y ) = s

For example, suppose X = {x1, X2, X3) and Y = {y1, ¥2), and dyadic data of 4 co-occurrences, § = {(x,
y1, 1), (X1, Y1, 2), (X1, Y2, 3), (X, Y1, 4)}, we have Sy, = {(x1, Y1, 1), (X1, Y1, 2), (X1, Y2, 3), (X1, Y1, 4)}, S,
=8y, =D, Sy, ={(x1, y1, 1), (X1, Y1, 2), (X1, yr, 4}, Sy, = {(X0, Y2, 3}, Sy, = = {(*, y1, 1), (X1, Y1, 2),
(X1, Y1, D} Sxyy, =L Y2, 3} Sxyyy = Sxayy = Sxayy = Sxay, = D5 N(X1) = 1, N(X2) = N(x3) = 0, n(y1) =
3,n(y2) = 1, n(x, y1) = 3, n(X1, y2) = 1, (X2, y1) = n(Xz, Y2) = N(X3, y1) = N(X3, y2) = 0, N(X1 [ y2) = 1, n(x |
y2) =1, n(X2| y1) = n(xz2| y2) = n(xs | y1) = n(Xs | y2) = 0, n(y1 | x2) = 3/4, n(y2 [ x2) = 1/4.

Suppose each co-occurrence (Xi, y;) belongs to a latent variable C and C has K values cx (S). These values
ck (S) are called classes or aspects and thus, mixture model for dyadic data is also called aspect model
or latent class model which aims to discover the latent variable C. Without loss of generality, let ¢k = k
where k =1, 2,..., K. The random variable C has discrete distribution such that every value has an
associated probability ax. Of course, there are K probabilities ax (). There are three kinds of dyadic
mixture model for dyadic data such as symmetric mixture model (SMM), asymmetric mixture model
(AMM), and product-space mixture model (PMM). This section only explains these models when they
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were introduced by Hofmann and Puzicha (Hofmann & Puzicha, Statistical Models for Co-occurrence
Data, 1998).

The mixture model of dyadic data is called symmetric mixture model (SMM) if ox (s) are independent
from both x; and y;. SMM is defined as follows (Hofmann & Puzicha, Statistical Models for Co-
occurrence Data, 1998, p. 2):

K K
P(x;,yi|0) = Z arP(x;, yi|k) = Z ArPijk ik (2.9)
k=1 k=1

Where ay is the probability of aspect k. Note, P(.) denote probability.
a, = P(k)

The p;) is the probability of x; given aspect k.

Pijk = P(x;lk)
The g is the probability of y; given aspect k.

9jt = P(;]k)
This implies that x; and y; are mutually independent in SMM.

P(xl-,yj|k) = P(xilk)P(yj|k)
The joint probability of xi, y;, and k is:
P(x;,y;,k) = PUOP(x;, y|k) = a P(x;| )P (y;|k) = arbipejik

The parameter of SMM is ® = (ax, PiK, qjk)" in which there are K(|X'| + || + 1) partial parameters ax,
Pik, and Qjk. Note,

K [x] 1Yl
Z a, = 1'Zpi|k = 1,2 qjik =1
=1 i=1 =1

By applying GEM, given dyadic sample S, at the t" iteration of GEM, given current parameter @® =
(o, pi®, qi®)T, the conditional expectation Q(®|OY) is:
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LY ¢
Q(ele®) = z z P(k|x;(r), y;(r), 0)log(axpijq;ix )
r=1k=1
X1 1Yl (2.10)

Z Z n(x;, y;) Z P(k|x; y;,0©) (log(ak) +log(pi)

i=1j=
+ 10g(qj|k))

Where,

PO
pl|kqj|k

K (t) ® @
=1 % 1 pl|lq]|l

P(k|xy, v}, @(t)) = (2.11)

Note, n(xi, y;) is the number of co-occurrences (i, y;) in &, which is specified by equation 2.7. Please
refer to equation 1.4 to comprehend equation 2.11. Because there are three constraints

| X 1Yl

Z“k—lzmk 1Zq1|k—1

We use Lagrange duality method to maximize Q(®|@"). The Lagrange function la(®, 4 | ©Y) is sum
of Q(®|0Y) and these constraints, as follows:

1| 1Yl

K
la(6,2|0®) = Q(6]0®) + 2, <1 - z ak) +2| 1- Z pie |+ 3| 1 - Z ajik
k=1 i=1 =1
X1 1Yl
Z Z n(x;, ;) Z P(k|x;,y;,0®) (log(ak) +log(pix) + log(q”k))
i=1j=
K | X 1Yl
+Al<1—zak)+/12 1_Zpi|k + 13 1_Z‘ljlk
k=1 i=1 =1

Note, 1 = (A1, A2, A3)" where 1:>0, 12>0, and 135>0 are called Lagrange multipliers. Of course, la(®, 4 |
0Y) is function of @ and A. The next parameters @Y that maximizes Q(®|@®") at M-step of some t™
iteration is solution of the equation formed by setting the first-order partial derivatives of Lagrange
function regarding ® and 4 to be zero.

The first-order partial derivative of Lagrange function regarding ox is:

1x1 1Yl

dla(0,A|e®
a( | ) Zzn(xl,y])—P(k|xl,y],®(t)) M

i=1j=

Setting this partial derivative to be zero, we obtain:
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11 1Yl

z Zn(xi,yj)P(k|xi,yj, G(t)) —agA; =0

i=1j=1

Summing the equation above over K aspects {1, 2,..., K}, we have:

X1 1Yl
Zany,)ZP(uxme( ) - alz @ = 0
i=1j=
x| 1Y X1 1Yl
oY N nlwy)-h=0sn=Y ¥ n(xy)
i=1j=1 i=1j=1

This means the next parameters o™ is:

QD = lel lyl L n(x0 y)P(k|xi, 5, 00)

a, (2.12)
ZIJCI Iyl n(xl,yj)
The first-order partial derivative of Lagrange function regarding pix is:
1Yl
ala(e,1|0®
( [o™) Z n(xl,y] P(k|xl,y], 0®) -2,
apl|k

Setting this partial derivative to be zero, we obtain:

1Yl

Z n(x, y7)P (k| v, 09) = pyjpd, = 0

j=1
Summing the equation above over X, we have:
X1 1Yl 1|
Z Z n(xl,yJ)P(k|xl,yj, e )) B Z Pijk =0
i=1j=

11 1Yl
ek = Z Z n (2, v;)P(k|x;, y;, 0©)
i=1j=1
This means the next parameters pix™™? is:
I?JI ®
(t+1) _ 1 n(xi,y;)P (ki y;, 01)
il (2.13)

Zm lyl n(xl,y])P(k|xl,y],®( ))
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Similarly, the next parameters g% is:

err) _ i n(x,y;)P (ki y;,0) (2.14)
M S ST n (e, )P (e v, 00)

The two steps of GEM algorithm for SMM at some t™" iteration are shown in Table 2.1.

Table 2.1: E-step and M-step of GEM algorithm for SMM.

E-step:

The conditional probability P(k | i, yj, ®©) is calculated based on current parameter @® = (e, pir,
ik, according to equation 2.11.

®. @ (©)
Ak "Diik9j|k

@®., @ @
{{zlal Py 911

P(k|xl-,yj, G(t)) =

M-step:

The next parameter O = (™, pi™?, gj™™)T, which is a maximizer of Q(® | ®) with subject
to @, is calculated by equation 2.12, equation 2.13, and equation 2.14.

at*D = 1 ZLZill'Zl(xil';’lj)P(k|xi'3’j'G(t))
i=1zj=1n(xi'3’j)
e 2z y)P(k|xi,y;,00)
eSS n(x, )P (ki v, 00)
(t+1) _ Zliflln(xi'Yj)P(Hxi:}’j,G(t))
SS9 (s y;)P (k| v, 00)

GEM algorithm converges at some t™ iteration. At that time, @ = @™ = @" is the SMM itself. When
SMM is applied into soft clustering, dyadic data is clustered according to blocks and each o is coverage
ratio of cluster k (aspect k).

The mixture model of dyadic data is called asymmetric mixture model (AMM) if ax (S) are only
independent from x; or from y;. Without loss of generality, given ox (s) are only independent from y; (of
course, it is dependent on x;), AMM is defined as follows (Hofmann & Puzicha, Statistical Models for
Co-occurrence Data, 1998, p. 3):

K

P(x;,5i|®) = pigji = pi z Ak i4j|k (2.15)
=1
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The oy is the probability of aspect k given xi.
agji = P(kl|x;)
Where pi is the probability of x;.
pi = P(x)

The qjk is the conditional probability of y; given aspect k. Suppose y; is independent from x; given k, we
have:

ajic = P(yjlxi k) = P(y;k)

Note, gji is the conditional probability of y; given xi, which is defined as follows:

K
qji = P(yjlxi) = Z Xeli 9k
k=1
The joint probability of xi, y;, and k is:

P(Xi,yj, k) = P(xl)P(y], klxi) = P(xl)P(klxl)P(yJ|xl, k) = plath(lek) = piak|l-qj|k

The parameter of AMM is ® = (o, Pi, Q)" in which there are K(|X| + |Y]) + |X| partial parameters
Ok, Pi, and gjk- Note,

X1 1Yl

Eakh_lzpl 12q1|k_1

By applying GEM, given dyadic sample S, at the t™ iteration of GEM, given current parameter @® =
(o®, pik®, qjx®)T, the conditional expectation Q(®]|0Y) is:

EY¢
Q(ele®) = z z P(k|x;(r), y; (), 8)log(apiqjix)

r=1k=1
x| 1Yl (2.16)
z Z n(x;, ;) Z P(k|x;,y;,0®) (log(akh) + log(p;)
i=1j=

+10g(qj|k))
Where,
(t) ® @
p; g

P(klxi;,0) = — kll(tl) GO (2.17)

=1 l|lpl q]|l
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Please refer to equation 1.4 to comprehend equation 2.17. Because there are three constraints

X1 1Yl

Zakll—lzpl—lz%lk—l

We use Lagrange duality method to maximize Q(®|©"). The Lagrange function la(®, 4 | ©Y) is sum
of Q(®|0Y) and these constraints, as follows:

K 1] 1Yl
la(6,A|0®) = @(6]6®) + A, <1 - Z ak”) +2,1- Zpi +25| 1- Z ik
j=1

k=1 i=1
X1 1Yl
Z Z n(x;, y;) Z P(k|x;,y;,0®) (log(ak“) + log(p;) + log(q”k))
i=1j=
K X1 [YI
+/11<1—Zak|i)+/12 1—Zpi +/13 l_ijlk
k=1 i=1 j=1

Note, 1 = (1, A2, As)" where 1:>0, 12>0, and A3>0 are called Lagrange multipliers. Of course, la(®, 4 |
0Y) is function of @ and A. The next parameters @Y that maximizes Q(®|@") at M-step of some t™"
iteration is solution of the equation formed by setting the first-order partial derivatives of Lagrange
function regarding ® and 4 to be zero.

The first-order partial derivative of Lagrange function regarding o is:

1Yl

®
) Zn(xl,y])—P(k|xl,yj,®()) A

dla(e,2|0™)
a(xk|l
Setting this partial derivative to be zero, we obtain:

1Yl
Zn(xiJYj)P(k|xi:3’j'®(t)) — @il =0

j=1

Summing the equation above over K aspects {1, 2,..., K}, we have:

Iyl
Zn(xl.yj)z P(k|x, 5,00 - alz @ =0
j=1 =1
1yl Yl
A Z n(x,y)) —h =01 = Z n(xi,y5)
j=1 j=1

This means the next parameters a9 is:
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a}({tﬂ) _ ZLzlln(xi'yj)P(klxiij:O(t))
' ZLZ'In(xi,yj)

(2.18)

The first-order partial derivative of Lagrange function regarding pi is:

[yl

dla(0,1|0®) 1

— 1 E Ly )——A
api j:1n(xl y])pi 2

Setting this partial derivative to be zero, we obtain:

1Yl

En(xi'Yj) —pit =0

Jj=1
Summing the equation above over X, we have:

11 1Yl 1|

Zzn(xi:}’j) —/'lzzpi =0

i=1j=1 i=1

1X1 19|

oA, = Z Z n(x;, ;)

i=1j=1
This means the next parameters pi**? is:

(t+1) _ le?ill n(x;, y;)

b e nGa )

(2.19)

The first-order partial derivative of Lagrange function regarding gj is:

||

dla(0,2|0® 1

0(OHO%) 'L ey 00) -
acIj|k = qj|k

Setting this partial derivative to be zero, we obtain:

x|
Z n(x;, y;)P(k|x;, v, 00) = qjjds = 0

i=1

Summing the equation above over Y, we have:
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X1 1Yl (Yl

ZZn(xl,y])P(k|xl,y],@(t)) ’13Z%Ik

i=1j=
X1 1Yl [x1 1Yl

< Z Z n(x;, y;)P(k|xi, y;,00) = 23 & 23 = ZZ n(xi, ;)P (k|xi, v, 09)
i=1j=1 i=1j=1

This means the next parameters gj*? is:

(t+1) _ lell n(xi; y]')P(k|xi,yj,(E)(t))
jlk Z|X| |y| Tl(xl,y])P(klxl,y],@(t))

The two steps of GEM algorithm for AMM at some t™ iteration are shown in Table 2.2.

Table 2.2: E-step and M-step of GEM algorithm for AMM.

(2.20)

E-step:

qi®)", according to equation 2.17.

oD ®©
k|Lpl q]lk

K 0,0 )
=1 lll pl q]ll

P(k|xl-, y], O(t)) =
M-step:

to O, is calculated by equation 2.18, equation 2.19, and equation 2.20.

(t+1) _ lyl n(x ;)P (klx; y;, 00)

kle |y| (x0y;)
(t+1) _ leylln(xi'yj')

¢ lel Iyl n(xl,y])

(t+1) _ _ Xis 1”(xi:yj)P(k|xi,yj,®(t))

X0, Vi, @(t))

Jlk ZIXI Iyl n(xl,yj)P(k

The conditional probability P(k | xi, yj, ®©) is calculated based on current parameter @ = (aui®, pi®®,

The next parameter @Y = (a™, pi®Y, gj™™)T, which is a maximizer of Q(® | ®®) with subject

GEM algorithm converges at some t™ iteration. At that time, ® = @) = @0 is the AMM itself. When
AMM is applied into soft clustering, dyadic data is clustered vertically (horizontally) and each a; is
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coverage ratio of cluster k (aspect k) according to xi. Soft clustering with AMM is also called one-side
clustering.

Product-space mixture model (PMM) is derived from SMM with a minor change that the aspect set {1,
2,..., K} is Cartesian product of X-aspect set {1, 2,..., Kx} and Y-aspect set {1, 2,..., Ky}. In other

words, the aspect space is still symmetric but is checked (stripped) according to two directions X and

Y.

{1,2,...., K} ~ (1,2, .., Kx} X {1,2, ..., Ky }

K= Kokt (2.21)

For every k belongs to {1, 2,..., K}, there always exists a respective pair: ky € {1,2,...,Kx} and ky €
{1,2, ..., Ky}. However, for each ky or each ky, there are many respective k.

k ~ {kx, ky}
ky~many k (2.22)
ky~many k

The sign “~” denotes correspondence. PMM is defined as follows (Hofmann & Puzicha, Statistical
Models for Co-occurrence Data, 1998, p. 4):

K
P(x;y|0) = Z ApeDifkx D[y (2.23)
k=1

As usual, o is the probability of aspect c« but p;,, is the probability of xi given ky of k and jiey is
the probability of y; given ky of k.

Dili, = P(xilkx)
Ay = P(jlky)

The joint probability of xi, y;, and k is:
P(x;,y;, k) = PU)P(x;, y|k) = arP(x;| k)P (y;|k) = are PCxilkx)P(yilky) = QpePilke e Dy

The parameter of PMM is ©® = (ak, Pjjky» qj|ky)T in which there are K + Ky |X| + Ky|Y| partial

parameters o, pjji.,., and q;)y,, - Note,

K X1 (Yl

z ag = 1:Zpi|kx = 1:qu'|ky =1
i=1 j=1

k=1

Learning PMM is like learning SMM and so it is not necessary to duplicate the expansion of Q(®|©").
The two steps of GEM algorithm for PMM at some t'" iteration are shown in Table 2.3.
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Table 2.3: E-step and M-step of GEM algorithm for PMM.

E-step:

The conditional probabilities P(k | xi, y;, ®Y), P(kx | xi, yj, ©), and P(ky | xi, yj, ©©) are calculated
based on current parameter @0 = (a,(f), Px(|t13x' ](|t12 ) , according to equation 2.24, equation 2.25, and

equation 2.26.

:(f)P(ﬁz q(lt)

LKy k

P(k|x:,y;,00) = — ONG o (2.24)

=1 % Py ),

P(kxlx7;,09) = > P(k|xsy;,00) (225
kikx~k

P(ky|x;,;,00) = z P(k|xi.y;,0) (2.26)
kiky~k

Please refer to equation 1.4 to comprehend equation 2.24.

M-step:

T
The next parameter @3 = (a,(f“),pi(fk“;l),qjﬂ‘;c;l)) , which is the maximizer of Q(® | ®Y) with

subject to O, is calculated by equation 2.27, equation 2.28, and equation 2.29.

QD) Zm lyl n(xl,y])P(k|xl,y],®( ))

(2.27)
T Zle |y| (x0y,)
pE+D) lyl (x5 P (e |xi, v, 00) (2.28)
(4 .
e Z'x' 2 (e, vy P (ke %1, 77, 09)
(t+1) _ lx' n(xi'Yj)P(k’QI'xi'Yj' @(t)) (2.29)

Ilky Zlﬂ lyl n(xl,yj)P(ky|xl,y],®( ))

GEM algorithm converges at some t" iteration. At that time, ®" = @Y = @ is the PMM itself. When
PMM is applied into soft clustering, dyadic data is clustered in checked (stripped) and each ax is
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coverage ratio of cluster k (aspect k) but such cluster k corresponds to a pair of cluster k, and cluster
k. Soft clustering with PMM is also called two-side clustering.

3. Predicting unaccomplished co-occurrent values

This section is the main subject of this research in which some extensions of dyadic mixture models
are used to predict unaccomplished values in valued dyadic data. When § is valued dyadic data in which
every co-occurrence (X, Y;) is associated with value z from random variable Z then, SMM is reformed
as follows:

K
£(x093.218) = ) aupipetyfe i) (3

k=1

AMM is reformed as follows:

K
£ (5075, 210) = b ) awisdjific@loi) (32)
k=1
PMM is reformed as follows:
K
f(x,y,,2]0) = Z akpi|kaIj|kyfk(Z|€0k) (3.3)

k=1

Where f«(Z|gx) is the k™ PDF of Z corresponding to the aspect k, in which ¢y is parameter of fi(Z|px). Of
course, the parameter ® now must include all gv. It is possible to consider that

fk@Zlok) = f(Zlk, ¢i)

Moreover, Z is only dependent on k.

fZlxi, k, o) = f(ZIk, ox) = fi (Z|@y)

Note, suppose x; and y; (as well as y; given x;) are independent from Z given aspect k, which is the hint
to reform these models.

P(xi.yjlk, Z) = P(xi, y;]k)
P(yjlxi 2, k) = P(yjlxi. k)
For example, within SMM, the joint PDF of x;, y;, Z, and k is:
f(xy,,Z,k) = P(K)P(x;, y;, Z|k) = apP(x;, yi|k, Z)f (Z1k, px) = aP(x1, vi|k) fi Z1@r)

= a PP (i |k) fie Zlow) = awpie @i fie Z19x)
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Within AMM, the joint PDF of xi, yj, Z, and k is:

f(xuv.2,k) = P(x)P(y;, Z, k|x;) = piP(k|x)P (v, Z|x1, k) = iy P(vj]x0, Z, k) f (Z1xi, k, @)
= piag i P(vj|xi ) f(ZIk, @) = piai)iP (v |k) fie Z1 o) = Dictw)iqiefic Z1ox)

Within PMM, the joint PDF of x;, y;, Z, and k is:

f(xiy;,Z,k) = P(K)P(x;, y;, Z|k) = aP(xi, y;|Z, k) f (Z1k, px) = aP(x1, vi|k) fi Z1@x)
= a P(x; k)P (il ky ) fi (Zloy) = Uik Dj|iey Jie (Z @i )

Here it is only necessary to estimate ¢k because how to estimate other partial parameters was mentioned
in section 2. By reforming the conditional expectation Q(®|@Y), it is easy to find out that the next
parameter ™Y is solution of following equation:

|S1

Z P(k|x;(r),y;(r), 0®)

r=1

dlog(fi(Z(") o)) (3.4)
dey

Where P(k | xi(r), yj(r), ®Y) is specified by equation 2.11, equation 2.17, and equation 2.24 for SMM,
AMM, and PMM, respectively. Especially, if f(Z|o«) distributed normally, the next parameter ¢ "% =
(™, Z™MT containing mean ™™ and covariance matrix X is calculated as follows:

(t+1) _ YL P(k|x; (), y;(r), 00)Z(r)
K sis! P(k|x; (1), y; (), 0©)

L Pk (), (), 0©) ((zm —u ) (201 - u,i”“)T)

oy P(k|xi(), y;(r),0®)

(3.5)

Z,((Hl) —

Where P(k | xi(r), yj(r), ®Y) is specified by equation 2.11, equation 2.17, and equation 2.24 for SMM,
AMM, and PMM, respectively. Please refer to (Nguyen, 2020, pp. 83-84) to comprehend equation 3.5.

In valued dyadic sample &, many co-occurrences (Xi, ;) are not existent and thus, it is required to predict
or estimate Z value of inexistent co-occurrence (xi, ¥;). This Z value is called unaccomplished co-
occurrent value or unaccomplished associative value. A so-called expected co-occurrent (EC) method
is used to estimate Z. Firstly, it is necessary to define the conditional PDF of Z given x; and y;. According
to Bayes’ rule, we have:

f(x9;.2) _ f(xv;,2|0)
L f(xyp,z|0)dz  f(xi,y5]0)

Then, Z value of inexistent co-occurrence (xi, y;) is estimated by an estimate Z which is the expectation
of Z given the conditional PDF f(Z | xi, yj, ©), as follows:
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7 =E(Z|®) = fo(leiJere)dZ (3.7)
Z

In short, EC method is specified by equation 3.6 and equation 3.7. Now we expend the two equations
for SMM, AMM, and PMM. The conditional PDF f(Z | xi, yj, ®) of SMM is:

Yr=1 i Z1ow)

flZ|x;,y;,0) = (3.8)
( | v ) Il§=1 AkDilkqj|k
Following is the proof of equation 3.8.
£(Z]xy,,0) = Yie=1 ePik )i Z1ox) _ Yi=1 QePik e Zox)
v [ Zker i@ feZlox)  Tie1 alinejik J, e Zlox)
_ Y k=1 %Dk fie Zox) .
211§=1 AkDilkqj|k
Similarly, the conditional PDF f(Z | xi, yj, ®) of AMM is:
=111t Zlox)
f(Z|x;,y:,0) = (3.9)
( | v ) Zlk{=1 Ak|idj|k
The conditional PDF f(Z | xi, yj, ®) of PMM is:
£ (2l 7,6) = Y1 Uik Ujiey fe (Z 1 91c) (3.10)
v le§=1akpi|kxq1'|ky
Obviously, equation 3.8, equation 3.9, and equation 3.10 are extensions of equation 3.6.
The estimate Z for SMM is:
5 Y =1 eDik i Ex (Z1r) (3.11)
Y k=1 AkPijk )ik
The estimate Z for AMM is:
. XK ariqiEc(Z
Z=Zk_1 klidjlk «(Zlox) (3.12)

K
Yk=1 Oklidj\k

The estimate Z for PMM is:
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Yho1 akPi|kxq]'|kyEk(Z|<Pk)

7= (3.13)

Z§=1 Ak Pilkyx 9j|ky

Where Ex(Z|px) is expectation of Z given the ki PDF of Z:
Eclow) = [ 2f@lpdz (3.14)

z

If fu(Z|px) i1s multinormal PDF with mean s and covariance matrix Xi then, we have Ex(Z|p«) = ux. Note,
equation 3.11, equation 3.12, and equation 3.13 are extensions of equation 3.7.

Hofmann’s research (Hofmann, Latent Semantic Models for Collaborative Filtering, 2004) is different
from EC method when Hofmann assumed that fi(Z|p«) is dependent on both k and x; so that fi(Z|px) is

replaced by fir (Z1@;r).
fiue@lou) = FZlxi k, o) = f(Z|x1, v, k, oirc)

Hofmann also assumed that (Hofmann & Puzieha, Latent Class Models for Collaborative Filtering,
1999, p. 690)

P(RIP(yjlk) ik
YK PUOP(yjlk)  XRoyawji

P(k|x;, y;) = P(kly;) = X Ak qjik

The sign “o” indicates the proportion. Therefore, according to Hofmann, the conditional PDF f(Z | x;,
Y;, ®) was defined as follows:

K K
f(Z|x:,v;,0) = z P(k|xuy;)f (Z|x, yj. k, pix) Z axqjikfic Z|oix) (3.15)
k=1 =1

The estimate Z is still calculated by equation 3.7 except that f(Z | xi, y;, ®) was defined by equation
3.15. As a result, equation 3.15 is the real mixture model of Hofmann in (Hofmann, Latent Semantic
Models for Collaborative Filtering, 2004) and then Hofmann applied EM algorithm to learn parameters
ok, Qjk, and @i. Therefore, Hofmann’s mixture model in (Hofmann, Latent Semantic Models for
Collaborative Filtering, 2004) is not mixture models of co-occurrences (x;, y;) specified by equation 2.9
(SMM), equation 2.15 (AMM), and 2.23 (PMM). Hofmann’s mixture model is appropriate to
collaborative filtering.

4. Conclusions

Essentially, learning dyadic data with models such as SMM, AMM, and PMM is unsupervised learning
and it is easy to apply these models into soft clustering. Predicting or estimating unaccomplished values
is essential to make a weighted sum of centroids over all clusters. Currently, an unaccomplished value
is estimated based on pre-knowledge of an existent pair of two objects (X -object and Y-object). As a
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result, an estimate Z is fixed if the two objects are fixed. In future, we try to find out another method to
take advantages of more than two existent objects with a set of values. Combination of dyadic mixture
model and regression model is a candidate method but how to prove and explain it is still fuzzy problem.

Declaration of Interest Statement

An original version of this paper was published as the third chapter in the book “Some Applications of
Expectation Maximization Algorithm” by Eliva Press (https://www.elivapress.com/en/book/book-
5132639477) available at
https://www.researchgate.net/publication/359661325_Some_Applications_of Expectation_Maximiza
tion_Algorithm

References

Hofmann, T. (2004, January). Latent Semantic Models for Collaborative Filtering. ACM Transactions
on Information Systems (TOIS), 22(1), 89-115. d0i:10.1145/963770.963774

Hofmann, T., & Puzicha, J. (1998). Statistical Models for Co-occurrence Data. Massachusetts Institute
of Technology, Artificial Intelligence Laboratory. MIT Publisher. Retrieved from
https://dspace.mit.edu/bitstream/handle/1721.1/7253/AIM-1625.pdf?sequence=2

Hofmann, T., & Puzieha, J. (1999). Latent Class Models for Collaborative Filtering. In T. Dean (Ed.),
Proceedings of the Sixteenth International Joint Conference on Artificial Intelligence (1JCAI '99) (pp.
688-693). San Francisco, CA, USA: Morgan Kaufmann. Retrieved from
https://dl.acm.org/citation.cfm?id=687583

Hofmann, T., Puzicha, J., & Jordan, M. I. (1998). Learning from Dyadic Data. In M. J. Kearns, S. A.
Solla, & D. A. Cohn (Ed.), Advances in Neural Information Processing Systems 11 (NIPS 1998). 11,
pp. 466-472. Denver: MIT Press. Retrieved from https://papers.nips.cc/paper/1503-learning-from-
dyadic-data

Nguyen, L. (2020). Tutorial on EM algorithm. MDPI. Preprints.
d0i:10.20944/preprints201802.0131.v8

171



